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Finite Element Method
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The finite element method is widely
used to solve systems of partial
differential equations that are
represented in the weak formulation
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Stiffness matrix assembly

System of linear equations
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@ N — number of elements
@ ¢, — number of nodes on Shape functions on triangle element

element

@ [A] - transformation matrix

from local to global
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Shape functions on a 2D triangular element

. . [x2,92]
Shape functions on a canonical element ea(x,y)

wo(§;m) =-n—§+1

¥1 (5777) =¢ [#1,91]
e1(z,y)
902(57 77) =1 [z0, Yo]
eolz,y
Integral calculation over a canonical @a(&m)
element 0,1
Jo, i, y)e;(z, y)dedy
Joor i€ )@ (&, )| Tkl dédn
Jwopo [ wopr [ pope 0,0] & L0
f‘PiSOj — ISOISDO f‘PlSOI f901g02 wo(&:m) v1(€,m)
Jp200 [o201 [ o202 _
‘ Triangle element

4/20



Numerical quadrature
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C++ standards

o C++11 o C++14
o lambda functions o function return type deduction
e move semantics (rvalue e generic lambdas
references) o tuple addressing via type
@ constexpr o C++17
° |nN|ahzer lists e Structured bindings
e type inference (auto keyword) .
. AT e constexpr if
e uniform initialization .
. o fold expressions
e variadic templates
e tuples
e type traits
o static_ assert
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Lambda functions

@ Shape functions are implemented

std: :tuple< in the code as lambda functions

){ @ Functions receive tuples
wto[xi, eta] = r; consisting of the local

return - eta - xi + 1.6; coordinates £, 7 as input

} @ The lambda function is stored in

a static variable inside of the
element class

std::tuple phi{phi1, phi2, phi3};
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Function traits

-uct function_traits
: std::false_type {};

@ The function traits class can
determine lambda function
arguments and return type at
compile time

retType,
s ¢,
-..Args> @ Argument types are contained in
ict function_traits type of type alias “Args”

<retType (C::*)(Args...) const std: :tuple<Args...>
: std::true_type {
: e Template argument <Args...>

- retType ret; .
can contain any number of types

using args = std::tuple<Args...

he

9/20



Multiplication of functions

cla ... Args> . .
o multiply( F1 f1, @ The higher order function

F2 2, “multiply” expects for input two

std::tuple<Args...> ) { functions f1, f2 with the same
return [=]( Args... args ){

return f1(args...) * f2(args...); }; arguments

} @ The function traits class finds

templatesclass F1, out the types and the number of

class F2> arguments of the first function
o multiply( F1 f1, F2 f2) { . .
o T @ The higher order function

f1, returns a lambda with the same
arguments as in functions f1, 2

e function_traits

pe(&F1::operator())>::args{} );
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Simplified pseudocode of the higher order function “multiply”

@ C++ variadic template
metaprogramming code is too
f1(args...) complex and contains too much

f2(args...) boilerplate code

@ Here, the functional concept of

multiply( f1, f2 ) -> { " i " . .
multiply” function is represented

fMultip(args...) -> f1(args...) *
e o) in simple pseudocode

@ Function implements the
mathematical operation

fUX) - f2(X)
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Pseudocode of the higher order function “cartesian product”

phi = [ p1(xi, eta),

p2(xi, eta), @ The “tensorProd” function takes
p3(xi, eta) | two tuples of functions and
returns a matrix of functions
tensorProd( phi, phi ) represented by a tuple of tuples

[[p1 * p1, p1 * p2,
[p2 * p1, p2 * p2,
[p3 * p1, p3 * p2,

@ Implements the mathematical
operation ¢ ®
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Pseudocode of the higher order function “integrate”

@ The “integrate” function takes as
input a function to be integrated

[r1, r2, r3] and a numerical quadrature

[wi, w2, w3] (nodes and weights)

@ Returns a function which
Fant([d]) > ( F(r1) % wl + calculates the integral if a
f(r2) * w2 + Jacobian is provided
f(r3) * w3 ) % [J] }

integrate(f, rc, w) ->

@ Implements the mathematical
operation [, f(7)dS2
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Treatment of a nonlinear coefficient

s{TQVT Vg dQ=0 @ The “interpolate” function

2
ST [ (SN T Vi Vs d2 = 0
Q

takes as input a nonlinear
coefficient to be interpolated
and a shape functions

phi = [ phil(r), phi2(r), phi3(r) ] @ Returns a function which
FOT) -> TA2 calculates nonlinear
coefficient at the "r"
interpolate( f, phi ) -> { coordinate of the canonical
f_interp( r, [T1, T2, T3] ) element if the values of
-> f( T1*phil(r) + unknowns in the coefficient
T2xphi2(r) + are provided
T3xphi3(r) ) o Implements the
mathematical opzeration
(3, 72 )
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Local matrix generation algorithm

/TQ%' “p; dQ

Q

[r1, r2, r3]

[wl, w2, w3] @ The higher order functions
generate the matrix of
functions “elementMatrixF"

phi = [ phil(r), phi2(r), phi3(r) 1

phiOuterPhi = tensorProd( phi, phi ); @ This matrix of functions
generate local stiffness
coefF = f(T) -> T2 matrix if called with

coefInterp = interpolate( coefF, phi ); Jacobian and pack of T

values [T1, T2, T3]

elementMatrixF = integrate( phiOuterPhix
coefInterp,
rc,

w )

15/20



Disassembly of code

call sym std::istream

movsd xmm4, qword [rsp + 6x18]

movsd xmm@, qword [0x00000e10]

movapd xmm3, xmm2 . .
movsd xmm1, qword [0x00000e08] /T@l : 80_] an 1= 17 27 ] = 15 2
mulsd xmm2, xmm@

movapd xmm5, xmm4 Q

mulsd xmm3, xmm1

mulsd xmm1, xmm4

mulsd xmm5, xmm@ | w | u
@ Disassembly of the code which calculates

d 4, d [0x00000e28 . . .
g e dnopd (0600006281 local stiffness matrix and output it to the
Bl ), e standard output stream is presented on the
movapd xmm@, xmm1 .
movapd xmm2, xmm3 Sllde
movapd xmm5, xmm1
addsd xmm@, xmn3 @ There are no function calls and class
mulsd xmm3, xmm4 . “ "o -
mulsd xmmS, xmmd instances such as a “tuple” in this code
mulsd xmm@, qword [6x00000e18] . .. ..
movsd quord [rspl, xmm@ @ C++ compiler efficiently optimized the code

d 0, d [0x00000e20] .
e generated by the methods described on
M) S, ST prevoius slides

addsd xmm3, xmm1
addsd xmm2, xmm5
movapd xmm@, xmm3
call sym std::ostream 16 /20




Test on solution of Poisson equation

/VT -VpdQ = —122x — 12y — 122
Q

) gradT = grad(T);
gradTMul = scalarMul( gradT, gradT );
integratedGradTMul

integrate( gradTMul, Quadrature3D::GaussOrder3{} );

interpFunc
nterpolate( Tf, []( do x, double y, double z ){
return -12.0 * x * x - 12.0 * y *y - 12.0 * z * z;
})s
to rhsFunc = Tf * interpFunc;
to rhsFuncIntegr = integrate( rhsFunc
Quadrature3D: :GaussOrder3{} );

to rhs = LinearForm( rhsFuncIntegr, T, x, y, z );

EquationFEM eq( P1Space, mesh, std::move( solver ) );
eq.addToGlobalMatrix( integratedGradTMul );
eq.addToGlobalRHSVector( rhs );
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Comparison with FEniCS and FreeFEM++

@ Tetrahedral mesh 41x41x41
nodes, 384000 elements

@ Same mesh for all solvers

Solver Calculation of [K], s

FEniCS 0.21
FEMEngine 1.07
FreeFem++ 8.32
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Conclusions

@ The C++ template metaprogramming library for finite element
analysis FEMEngine is developed.

@ The template metaprogramming along with the functional approach
has a great potential for the finite element code development. These
programming techniques make it possible to write a reliable, generic
and efficient code.

@ The matrix construction time between the FEMEngine and the
FreeFEM++ is compared and 8 times advantage is achieved. The
comparison with FEniCS FEM code shows that there is a potential to
optimize the bottlenecks of the current matrix assembly algorithm.
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Future release of the source code

FEMEngine source code will be released soon under an open source
license. If you are interested to try it, then write to this email:
"aleksej.gurin00@gmail.com" and we will send you a link to the
repository when its ready.
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